
 Electronics 
components are not perfect. 

The electrical signals are 
including errors, more or less 

important and acceptable. 
 

Understanding these 
errors enables to process a 

signal as an analog input 
coming from a converter in 

order to improve its accuracy 
and resolution.  

 
The techniques 

explained in this article have 
been implemented in small 8-

bits microcontrollers from 
Freescale S08 familly but are 
not specific and can be used 

with any other microcontroller 
and are usable with any 

imperfect signal coming from 
an electronics design. 

 
 
 
 
 

 
 
 
 
 
 
 

All the electronics components have 
intrinsic errors coming from their technology. 
These behaviors are sometimes desirable like a 
junction temperature drift used as temperature 
sensor but often they are feared as could be the 
drifts of an operational amplifier or resistance 
over the temperature. 

 
When designing an electronic device, it’s 

a general rule to define the maximum 
acceptable error of an acquisition chain in a 
given environment in order to define each 
component choice. It means the first rule is to 
define the environment in which the device 
will be used (temperature, pressure, humidity, 
electrical and magnetic fields, vibrations, 
etc…). These external disturbances may be 
negligible or at the opposite they can be 
dominant. For instance, the main 
characteristics of a diod are not disturbed by 
the Earth magnetic fields whereas the main 
feature of a hall effect sensor is to measure the 
magnetic fields.  

This means the designer must question 
himself on what could alter the main 
parameters of each component of an electronic 
board. 
 
Errors types 
 

There are different types of errors. Here 
is a list of common errors in electronics : Gain 
(εG), offset (εoffset), gain drift over temperature 
(ε∆G), offset drift over temperature  (ε∆offset), 
linearity (εL) but there are also other errors 
such as hysteresis (magnetic, thermal, 
mechanical ...), noise, aging or digital 
quantization errors or binary truncations. 
  

To illustrate this, consider an amplifier 
whose characteristic is linear. Its ideal transfer 
function is a line through 0 and is defined by 
the equation Vout = Vin.G  
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In this case the gain is  : 

Vin
VoutGideal = .  

This is an affine function y = a.x. 
Experimental measurements enables to 

know the actual response of this amplifier : 
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 We can see that the measure 
represented above doesn’t reproduce 
faithfully the ideal response. We can then 
determine a linear regression y=a.x + b 
which is a best fit of the actual response. 
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From this it is possible to measure 

three types of errors : gain error, offset error 
and linearity error. This is the classic 
characteristic of a given component at room 
temperature (25°C). 
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Gain Error : This is the error at room 
temperature (25°C) between the actual gain 
calculated from the linear regression line and 
the theoretical gain. It is usually expressed in 
percent: 
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Error offset : It’s the shift at room 
temperature (25°C) between the linear 
regression curve and theoretical curve for an 
input value of 0 (intersection with the 
vertical axis): 

theoriqueregoffset offsetoffset −=ε  
In the case of the graph above, the 

theoretical offset is 0. 
 

Linearity error : This is the maximum error 
at room temperature (25°C) between the 
actual curve and its linear regression for a 
given abscissa. It is usually expressed in 
percent full scale : 
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Gain drift over temperature : As its name 
suggests, this is the variation of gain as a 
function of temperature. It is most often 
expressed in %/°C for a semiconductor like 
an op amp, or in ppm/°C for example for 
resistance. (Ppm = parts per million, 
10000ppm = 1%). 
Example of gain drift of a Hall effect sensors 
batch : 
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 Note in this example that the gain drift 
can have a different sign part to part, making 
the calibration of a batch with a single set of 
coefficients impossible. This drift is not 
necessarily linear. It may be hyperbolic, 
parabolic or polynomial for instance in 
semiconductors. 
 
Offset drift over temperature : Here also, 
the name is clear. This is the variation of the 
offset as a function of temperature. It is most 
often expressed in the usual component 
output unit per °C. For instance, an op-amp 
offset drift is often expressed in mV/°C or 
µV/°C. 
Example of offset drifts of the same batch as 
previously of hall effect sensors : 
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The drifts of gain and offset in 

temperature are often neglected by designers 
for two reasons : they may not have an oven 
available to measure the temperature response 
of their product or because they assume that 
the error is negligible. After all, we speak 
about µV/°C or ppm/°C, it seems microscopic. 
But based on the total gain of the chain, these 
errors may become dominant, even with a low 
temperature drift. Thus products, test 
equipment or measuring equipment may have 
a significant and variable error and ambient 
temperature in a room varies from 20°C in 
winter to 35°C in summer. What if in addition 
the final product must operate on a wider 
range ? The industrial range is often from  0°C 
to 50°C, sheltered outdoor use from -20°C to 
+70°C and automotive chassis from -40°C to 
+125°C ! 

 
Hysteresis : Some components may 
experience stress related to their environment 
and do not return to their typical characteristic  
when the stress is no more present. There is for 
example thermal hysteresis due to temperature 
that causes mechanical stress which may or 
may not disappear with time. A further 
example is the magnetic hysteresis observed 
for example in magnetic materials. 
By analogy we can compare this problem to 
the deformation of a metal subjected to 
coercion. When you release the stress, it may 
have a strain and never come back to its 
original shape or in the case of an elastic part, 
it may come back after a while. 

The figure below shows the behavior of a 
magnetic current sensor where the output error 
has not to the same value once the current (so 
the magnetic field) has been through. This 
comes from materials which have a magnetic 
remanence. 
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Another common case is that some 

semiconductor materials have a thermal 
hysteresis induced by the packaging that 
expands with temperature and which stresses 
the die on its silicon substrate or whatever. 

This is for instance the case of some Hall 
Effect sensors in TO92UA housing. This 
kind of housing is very compact and due to 
its low mass it expands quickly over 
temperature.  
 
Total error 
 

One is tempted to define the total error 
of the component as the sum of all errors, 
but it would be the worst case where all the 
parameters would have the maximum error 
which is very improbable. Indeed, every 
error is characterized by a probability curve. 
In general, in product specifications, an error 
is specified by a range : (example : εG = ± 
1%) But within this range the probability 
often follows a more or less normal law. 
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But the probability that all errors are 

combined individually to their maximum is 
extremely improbable. By using this method, 
we would get an estimate of the total error 
much higher than reality. 

If each error follows a normal law, then 
it is possible to estimate fairly accurately the 
total error by calculating the mean square of 
all errors : 
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It is understood that all the values are 

expressed in the same unit (%, V, A, ...).  
Sometimes the process is reversed, that is to 
say that a component is specified only by its 
total error and the designer should be very 
careful because it is often insufficient to 
determine how it actually behaves.  

For example, does a total error of ± 3% 
over a given temperature range mean an 
error limited to ambient temperature and a 
conventional drift with temperature, or does 
it reflect a design,  a qualification or a 
manufacturing process poorly controlled ? In 
order to know precisely how the errors 
behave, we may have recourse to the 6 
sigma methodology which allows 
establishing reliable indicators on the 
dispersion of a given parameter. 

 
Errors distribution  
6 sigma (6-σ) methodology 
 
 6-sigma methodology comes from 
Motorola who has established in the 80s a 
management method to increase the quality 
and process efficiency. It uses tools that rely 
on measures which can provide reliable 
indicators to reduce the variation of defects.  
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By extension it has been widely 
implemented in the industry and this 
methodology is now also used in other fields 
trying to improve their processes (finance, 
trade, logistics ...).  

Reducing the variability of defects 
means optimizing processes and products 
thus reducing costs. Many international 
companies have been able to save hundreds 
of millions after reviewing their processes 
thanks to six sigma methodology.  

Applied to electronics, 6-sigma allows 
for example to define criteria of reliability, 
repeatability or precision of a parameter.  

There are two cases of application 
widely used in industry. The first and most 
common is to check that a production batch 
is conform to the specification, and secondly 
to estimate the number of parts that are out 
of range. This means you need to have a 
production facility and testing that is at least 
as good as the parts you want to measure. 
The second case is precisely to analyze the 
means of production or testing. We then 
study the dispersion of the means of 
production / test using a part coming from 
production and considered as a standard.  
 
σ, Cp and CPk 
 
 The parameters are generally varying 
according to a law more or less normal and 
the sigma (σ) is the standard deviation of 
this normal distribution. This is the 
difference of a population relative to its 
average value. The standard deviation is 
calculated as : 
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the mean value of the population. 
 Note that in Excel, there is the STDEV 
function that automatically calculates the 
value for a targeted population. 

 
It is possible to establish a relationship 

between the number of sigma and the 
number of parts per million (ppm) to be 
outside the acceptance criteria. 

 Indicators Cp and Cpk are used to 
estimate the accuracy and repeatability of a 

parameter. 
Cp is an indicator of capability of the 

process to estimate the number of parts which 
will be outside the specified limits (LSL and 
USL : Lower & Upper Specification Limit). 
This indicator is given as : 

σ.6
LSLUSLCp −

=  

The more the measures will focus on the 
average value (i.e. the smaller is the dispersion 
of the distribution), the higher will be the Cp. 

 
Cp < 1 (<3σ)  : Variations of the 

parameter exceeds the specifications. There 
will be elements of the population outside the 
specifications. 

 
 Cp = 1 (=3σ) : the variations are at the 
limit of specifications and there will be 0.27% 
of items out of specification. 

 
 Cp > 1 (>3σ)  : The variations are below 
the limits. However if the distribution is not 
centered, some parts may be out of 
specifications. 
 

The Cpk indicates whether the 
population measured is centered on the target 
or if it is off center. 
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 The higher is CPk, the more the 
distribution is centered 
 
Number of parts out of specifications 
limits 
 
 We can then estimate the number of 
parts which will be outside the limits 
specified by calculating as follows : 

Lpl = number of parts <  LSL 
Lpu = number of parts > USL 
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The Cp and Cpk can quickly estimate 

how behaves a product or process. These 
tools are used in various sectors of industry 
and some values of Cp and Cpk are 
considered as standard in one or other of 
these sectors. For example, automotive or 
critical applications require that all 
parameters of a product or a process have a 
Cp> 1.67 and a Cpk> 1.33. 

 
Short and long term capability 
 
 The processes are aging and capability 
tends to deteriorate, especially the Cpk. It is 
common rule in the industry to consider that 
there is a short term capability and a long-
term capability.  This deviation is generally 
considered at ±1.5σ and comes from return 
on experience. 
 Thus a process or a production batch 
which would be at specification limits and 
which wouldn’t be centered on the mean 
value, may present some parts out of the 
specified limits. 
 

The table below shows at a glance the 
link between sigma, Cp, Cpk and the number 
of elements outside the specified limits 
(expressed in ppm. Nb : 10000ppm = 1%) 
 

X 

CPL CPU 

USL LSL 

accurate & Repeatable 
Cp>1 and Cpk >1 

NOT accurate & Repeatable 
Cp<1 and Cpk>1 

NOT accurate & NOT Repeatable 
Cp<1 and Cpk<1 

Accurate & NOT Repeatable 
Cp>1 and Cpk<1 

X +3σ +6σ -6σ -3σ 

q=99.9999998% 

Cp 

CPL CPU 

USL LSL 

q=68.26
 

q=99.73
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ADC  v(n) =  
v(n) + v(n-1) 

v(n) = 
v(n) / n 

v(t) 

Fait ‘n’ fois  

σ 
short term Long term 

Cp 
Cpk 
short 
term 

Cpk 
shifted 
+/-1.5σ 

% not 
conform ppm % not 

conform ppm 

1 68.27 317300 69.15 691462 0.33 0.33  
2 4.55 45500 30.85 308537 0.66 0.66 0.16 
3 0.27 2700 6.68 66807 1.00 1.00 0.5 
4 0.0063 63 0.62 6210 1.33 1.33 0.83 
5 57.10-6 0.57 0.02 233 1.67 1.67 1.17 
6 2.10-7 0.002 0.0003 3.4 2.0 2.0 1.5 

 
Sample size 

 It needs to have a high enough 
number of samples in order to determine a 
given confidence level. 
 The sample size depends on the 
desired confidence level, ie, the confidence 
level to have a given probability of having 
defective units.  In the case of pass/fail tests, 
the sample size is given by : 
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With C% = confidence level in % et p% = 
probability in % of defective units. 
The chart below gives the sample size for 
several situations : 
 
  Confidence level (%) 
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0.1 1000 1609 1897 2302 2995 4603 

0.2 500 804 948 1151 1497 2301 

0.5 200 322 389 460 598 919 

1 100 161 189 230 299 459 

2 50 80 94 114 149 228 

5 20 32 37 45 59 90 

10 10 16 19 22 29 44 

20 5 8 9 11 14 21 

 
 
6-sigma application example 
 

Consider a product tested at end of 
manufacturing on a test bench that measures 
the output voltage of this product. This 
output is specified at +5V±1%. The 
specified limits are USL=5.05V and LSL = 
4.95V. A measurement is performed on a 
representative batch of x pieces from which 
are calculated Cp and Cpk and scraps rates. 
The 10 measures are all within the specified 
limits : 
Values = 5.00, 4.97, 5.03, 4.99, 4.99, 5.02, 
5.01, 5.03, 5.01, 5.02 

An Excel spreadsheet enables to 
compute the various indexes : 

 
Moyenne  5.007 
Sigma  0.0195 
Cp  0.86 
Cpl  0.74 
Cpu  0.98 
Cpk  0.74 
Lpl  1.36% 
Lpu  0.17% 
Rebuts  1.53% 

 
 In this example, the Cp and Cpk are 
not good. The distribution is offset from the 
target value and is quite wide. Although on 
10 measured parts there has been no part out 
of the specified limits, we can expect a scrap 
rate of 1.53% (> 15300ppm). 
 

Acquisition and 
oversampling 

 
First, do not confuse resolution and 

accuracy. The resolution is the smallest step 
between two values. The accuracy gives an 
error indication of a value relative to another.  
The over-sampling is a classic way to increase 
the resolution of ADC. It is also known as 
decimation or dithering. The figure below 
shows the principle :  

v(t) is the signal to be measured. It is sampled 
by the ADC. 

 
The result of the conversion is added to 

the previous sample. When the 'n' samples are 
added, simply divide that sum by the number 
of samples to obtain the average value of these 
samples with a resolution increased by 22n. 

 
 
This principle works if one has a level of 

noise at the input of the ADC exceeding the 
resolution of the ADC. Taking 64 samples of 
the same value and dividing by 64 will not 
change the result. In order to work correctly, 
you need a noise level of ±0.5 LSB. 
Below is an example of sampling a ramp with 
an ADC. The steps are given by the resolution 
of the ADC. 

 
 
 
 
 

If we add ±0.5 LSB of noise on this ramp 
and if we take several samples, then the 
sampling gives : 

 
 
 
 
 
 

 
Statistically, the average of samples 

during a sampling period gives a value of the 
ramp with a resolution increased by (2n)², 
where n is the number of samples. This is 
because the noise makes the ADC to vary 
about a LSB. 

Care should be taken regarding the noise 
amplitude to maintain it the closest possible to  
±0.5 LSB. If ambient noise is about this value 
and is repetitive from one part to another then 
it’s fine. Otherwise, it is sometimes preferable 
to properly filter the analog signal and to add 
noise created from an oscillator and to inject 
this noise through an RC network for example. 

The risk if the noise is not high enough is 
to loose resolution and if it is too high to get 
too much noise on the average value. There is 
a relationship between the number of samples 
and the noise level and it varies exponentially. 
 

 
Example 
 
Consider 64 samples : x=64 
 

nx 22=  

3
log.2
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10

10 ==
x

n  

The resolution has been increased by 3-
bits. 

 
 
Filtering 
 
 It is often necessary to implement a 
small low-pass filter on the measured data to 
eliminate noise and smooth a little the 
received signals. Here is a small low-pass 
FIR filter of the first order, very simple and 
easy to implement in a microcontroller even 
very small. 
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with : 
 

Yn = New filtered sample 
Xn = New sample 
Yn-1 = Previous filtered sample 
C = filter coefficient  
τ = filter time constant (63% of output 
signal) 
Ts = sampling period 
fo = filter cut-off frequency 

 
 Remember that in arithmetic language, 
multiplying by 2A corresponds to a left shift 
of A and dividing by 2B corresponds to a 
right shift of B. 
  So by giving the value C = 2A/2B, we 
translate this multiplication and division by 
the shifts right and left of A and B. 

If you keep A = 0, then multiplying by 
the coefficient C is ensured by a shift to the 
right of B which is much faster to achieve 
rather than a multiplication or division. 

 
     In the case of a small microcontroller, 
care should be taken to maintain A and B as 
8-bit integers which should cover most 
needs. 

 
     Therefore, we do not calculate the 
coefficient depending on the desired cutoff 
frequency, but we choose the coefficient 
which gives the cutoff frequency the closest 
to what is desired. The equation becomes:  
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u16FilteredValue =  
  u16OldFilteredValue – ( (u16NewValue -     
  u16OldFilteredValue) >> u8CoefficientB) ); 

 
 

 It is then easy to translate this equation 
in a programming language. Below is a 
sample implementation in C language : 

 The coefficient B can take nine 
possible values, from 0 to 8 because we have 
limited it to 8-bits. Nothing prevents to use a 
16-bit coefficient for example if one wishes 
to refine the steps of filter setting. 
 
Example 
 

Période 
échantillonnage Ts 0,1 0,1 0,1 ms

Coefficient A 0 0 0 -
Coefficient B 2 4 6 -

DONNEES D'ENTREE

 
 

Fréquence de 
coupure (-3dB) fo 397,89 99,47 24,87 Hz

Fréquence 
d'échantillonnage Fs 10000 10000 10000 Hz

Coefficient 
C = 2^A / 2^B C 0,2500 0,0625 0,0156

Constante de temps T 0,40 1,60 6,40 ms

CALCULS

 
 

The Bode diagram and step response 
given below are indicative and based on 
mathematical modeling in Excel and do not 
represent the actual response of the digital 
filter. We know for example that the 
frequency response of a digital filter is 
periodic. The theoretical step response is: 

 Réponse indicielle

0
10
20
30
40
50
60
70
80
90

100

0 5 10 15 20
ms

%

B=2

B=4

B=6

 
The theoretical gain Bode diagram is : 
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 Here is the filtered output signal for an 
input signal coming from a 10-bits ADC and 
3 values of B coefficient : 

Simulation filtre passe-bas RIF
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Calibration and interpolation 
  

The calibration corrects the response of 
an actual system to improve its performance 
by reducing errors. 

The calibration method chosen depends 
on the product and process put in place. For 
example calibrating part to part over 
temperature a production of 50 parts per year 
is manageable. The same calibration of several 
million pieces per year for specific markets 
such as automotive can lead to prohibitive cost 
and test time. We then try to get the best 
results possible by hardware before trying to 
improve by software. The more the 
distribution of error is low (Cp >> 1), the more 
we can afford to use identical coefficients for a 
production batch. From an other hand, if the 
error distribution is wide, then it would require 
to calibrate each part individually. 

The choice of a calibration method 
depends on the type of error to be corrected 
and the residual error accepted once calibrated 
as well as its complexity and cost of 
implementation. 
 
Linear regression 
 
 The linear calibration is the simplest 
method. It uses linear regression that defines a 
line through the greatest number of points 
(best fit). It is the type y = a.x + b. a is the gain 
(slope) of the equation, b is the offset 
(intercept) and these coefficients are 
determined by the following equations : 
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a =  and the offset is : 

xayb .−=  
 We can also calculate the regression 
coefficient r which is between 0 and 1. This 
coefficient indicates the degree of variance of 
y with respect to x. A value of 0 indicates that 
the regression is a horizontal line and the error 
could not be minimized while a value of 1 
indicates that the regression passes through all 
the known points. The value of this coefficient 
is given by the equation:  
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In a system which must be calibrated, 
linear regression coefficients are usually 
calculated out of the product by a test bench, 
then it’s sent and saved in the product. Excel 
or Matlab have built-in functions to calculate 
these coefficients. In Excel, it is Linest 
(Droitereg in French) and Matlab function is 
Polyfit. 
 
 The linear calibration on a single 
interval is especially applicable to systems 
assumed to be linear but with errors (eg 
noise, gain error, offset error) and having a 
low linearity error such as a voltage sensing 
input or a linear sensor. 
 In the example below, the curve y = 
0.2x +0.8 (blue) is the theoretical response 
that is desired for a system. The measure of 
several points gives the actual response of 
the system which enables to determine the 
linear regression line and calculate its gain 'a' 
and offset 'b'. 

y = a.x + b = 0,467x + 2,9589

yth = ath.x+bth = 0,2x + 0,8
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 We see that the actual response differs 
from the theoretical curve. The measure is 
altered by a gain error, offset error and 
linearity error. 
 The calibration on a single interval can 
not improve the linearity error but corrects 
the errors of gain and offset. The theoretical 
curve is given by the equation: 
 ththth bxay += .  

 The linear regression line 
computed from measurements is : 

regreg bxay += .  

The calibrated response is then given 

by : ( ) threg
reg

th
cal bbx

a
a

y +−=  

The linear regression of the calibrated 
response shows that its coefficients are equal 
to the ideal response of our system. We have 
successfully corrected the errors of gain and 
offset. However, it remains the linearity 
error which can’t be improved with this 
method : 
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ycal = 0,2x + 0,8
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In order to improve the linearity error 

(to not be confused with noise), we can 
apply the linear interpolation over several 
intervals. That is to calibrate our curve at 
several points and estimate the value within 
an interval. This estimated value will still be 
given by the equation y = a.x + b, reduced to 
a given interval. 
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The equation which defines this 

interpolation is written : 
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With n = the interval number 
 

 The higher will be the interval number, 
the smaller will be the residual linearity error 
This method is very simple to implement 
and is often used to linearize nonlinear 
systems. It has the disadvantage of being 
discontinuous between each interval. 
It is common to use both methods 
simultaneously in order to linearize and 
correct the system response. This allows to 
significantly improve the gain error, offset 
and linearity.  
 
Bilinear interpolation 
 
 The bilinear calibration is used when 
information has to be calibrated in two 
dimensions simultaneously. It is often used 
in image processing, but is useful in any 
system where it is necessary to correct the 
information in two dimensions: linearization 

and temperature correction or linearization for 
example in two dimensions. 
 The idea is to interpolate the value of P 
in relation to four known points A, B, C and 
D, located on a rectangular grid which is 
equivalent to a linear interpolation on each 
axis. 
 The equation of the bilinear interpolation 
is: 
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 Note that bilinear interpolation is not 
linear but quadratic. 
 
Example: In the example below, only 4 points 
in the corners are known A(10,2) = 1, B(20.2) 
= 0.5, C(10,3) = 0 and D(20.3 ) = 1. All other 
points inside the rectangle formed by these 
four points were estimated by bilinear 
interpolation : 
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Polynomial interpolation 
 
 The polynomial interpolation is to find a 
polynomial of 'n'  order that passes through all 
known points. The Lagrange polynomial is 
written as follows: 
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For a 5th order polynom (n=4), it gives : 
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The graph below shows the behavior of a 

polynomial interpolation using known points 
linearly distributed as coefficients. This can 
lead to significant differences at the ends of 
the curve known as the Runge phenomenon : 
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This phenomenon can be minimized by 

choosing the interpolation points at 
Chebyshev nodes. These points on an 
interval [a, b] are defined by the following 
equation : 
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For example, with 5 points (n = 5) and 
the interval from the previous example [1,5], 
xi are : x0=1.10, x1=1.82, x2=3, x3=4.18 and 
x4=4.90. 
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 Here is an example implementation in 
C of the algorithm : 
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double lagrangeInterpolatingPolynomial 
(double pos[], double val[], int degree, 
double desiredPos)  { 
   double retVal = 0; 
  
   for (int i = 0; i < degree; ++i) { 
      double weight = 1; 
  
      for (int j = 0; j < degree; ++j) { 
         // The i-th term has to be skipped 
         if (j != i) { 
            weight *= (desiredPos - pos[j])  
                      / (pos[i] - pos[j]); 
         } 
      } 
       retVal += weight * val[i]; 
   } 
    return retVal; 
} 
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